1. Let A bea subser of [0.1). Let m* be Lebesgue outer measure on [0, 1],

= (&) State the definition of “Lebesgue measurable set™,
() Show that A is Lebesgne measarable if and only if

N A+t (AT =1,

N whene A7 is the complement of A in [0, 1).
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% 19. Let p* be an outer measure on X induced from a finité y
E X, define the inner measure of E to be p.(E) = po(X) — g (E°). Then E ]
awwmwt__, i5 " -measurable iff 4° (F) = pa(F). (Use Exercise 18.)
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2. Let [ be a Lebesgue measurable function on B such that both

Define the function F{£) by
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Show that F is differentiable at each £ €
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N 3. I Hy and £y ake two nonempty sots i[@‘lrﬁun
_ dE B} = ) ég‘;l:‘t';%_?_.:{r,.ruj m

where p s the standard Euclidean metrie,
7 () Givean example of disjeint nonempty closed sets in B2 with
dEL B =1,

(h) Let £, By e nonempty sets m B with £, vloged and Fy coanpact,
Show thiat theee exist ry € £) and 2y € Eysuch that d(F), £) = plaq, 2a).
Discluce that o By, Ep) = 0 ifsuch By, By are disjoint.

o) £, =% (n,0) [ ne N AL, Bp) = iy P, X2)
Ty = (n+Zn, 0) | ne s € nend L N=(n+za)]
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- 4, Suppose that {fi} and {g} are two sequences of functions in L*([0,1]).

. Suppose that
. [fellz=1 forallk,

. where the L” norm || - ||y, 1 £ p < 20, is defined with respect to the

standard Lebesgue measure poon [0, 1], Suppose further that there exist

F.g € L2(J0,1]) such that fil:r) = fla) for a.e. o € [0,1], and that g« — g

- m L2(0.1]). Prove that fuge — fgin L'([0.1]).

- . 6.7 Proposition. For | < 5, the set of i ons = T o x g, where
ovw L 5 T (e el dty — L1491 ay € Pttt £t oo = 5

at X > \heln -0l <8 Y le =N fov o quvesm s P Gy s tociomnsio . Ioetit o s (1)

L PO SL O naa o2l MUTT 210, Thenifusdamndi e REpREsS, so by the dominsted convergence
theore molife=fap==iMoreover., if f, = % a;x g, where the E; are disjoint and
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— B Let f be aorealvalued function on [, ac), sach that f € L*([000)) . (Here
the [P spaces are defined with respect to the stam[_d_l.uhmwﬂ_lm
on [(hoc).) Define F - [0,50) = B by letting Flz) = [ f(t)dt for & = 0,
- Assume that F e L'Y{[0,00)).

(a) Prowve that Fr] goes to wero s @ — 00,

(b) Replace the assamption that [ € L2{[0.50)) with the assumption that
= Je LM]0,0c)). and prove that also with this single chiange on the eonditions,
Flx) goes to sero as o — o0,

Note: Pavls |"nl.} atud rbj e i:tdr.‘pr'rf{,ﬁ:ni‘ nf ane another and iy be solvied
in etther arder, though one can also prove both at onde, use one to prove the
ather, ebe.
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1. In this problem (X, M, ) denotos oo arbittary moasare space,
- A) State the monotone convergence theovem.
B) Prove that if f, : X' — [0,28) is measurable and non-pegative for each
positive integer n, then
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€} Give an example showing that (1) can be false if some of the functions [,
— tike negative values,
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2Tt Frand fe k=0 By be Lehesgue measurable functions on [0, 1] such
that fi. — [ almost everywhere Tt [0, 1]. Suppose that M := supg || fille <
= oc. Show that for every g € LP([0,1]), 1 < p < o0,
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- 3. Let (X dy) be g metric space and let (Y.dy) be § complede metric space.
Let § be @:.m: of X aud let f 8 — Vseant-Lipschitz map,
meaning that iy f{x) ftr,i}} {@ (e y) for all 2y € 8. Show there is a

. @L—Lipmhitz map f 1 X ¥ such that fls = f (that is. f is an
vxtension of f), t) LOMAT "?
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i Lev M beoa Hilbert space endowssd with the inner prut[lml (- II nml normy
|I || I'im ilﬂ 1I1n1 a "}OI:.]]HI]H { e B

i & h ot = u) =0 1n contrast, {Hg}j_;q
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Suppose that a sequence {oy besy in B oonverges weakly to € H, ol
that furthermore lmyg .o [uglls = |Julle- Show that {ug )i in fact converges
strongly toow,
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— 5. Let (X, M, j) be n measure space. Suppose that [, guole, € FUX M, ),
n = L, satisfy the inequalities

N Fl®) < gulz) < h(2), foralla=1 and xr€ X,

— Lev f{x), gix), and h{x) be lanetions such that

rli’.‘;furu-r]' = FlE)y "til'EI"_F,lui_J".:l = glr). and rlﬂg-‘n,l{x] = hiz),

for almest all & & X. Purthenmore asswme that f(z), h{z) e LX) with

= iimfj’,,[:r}d;i = [f{,r}(l;.r adnd Jill:fﬂ,,[.r}dfi = fhtr}d_ﬁ_
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Show thiat

B 1it|tfy,.,{r}ti_n = fg[rr}ilp.
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(HINT: Look at i, — iy, and g, = fiu-)
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~1.4) Let m denote Lebesgue measure on B, Prove that the subset A of L'(m)
defined by A == {f € LYm) : [L|fldm < 1} is closed nnder pointwise
c{m\'\'frgﬂlu:tr.

) Prove that the set B = {f € L'Y{m) : IE Il = 1} is not closed ander
pointwise convergence,
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= 2. a) For o a real number-and a > =1, prove that JT' e dm < oa, where m
denotes Lebesgue measure dn

N b) For oo = —1 and f & positive integer, prove that
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. Lot (K. d) bea compact metrie spree which s awefl-tied, which means thag
for every e >0, x € Koand y € K, there is a finite sequence of points

=y, dy g = in o\ guch that  d{#,.r ) <e

(wr might depend on @ and on y). (, .
/v LW,

a) Assume that iy wvritten as the disjoint upion K = FUF. where £ <
. andd Fy are bothfelosed phid nopempty subsetsof K. Prove thay d(Fy, F
i =1,

I-“Fp; Frael; rh:'r1 :

Iy} Show that K is conpected.

Hint for part b: Prove that the compact metric space K cannot be writien
as - digjomt wmon of two closed, nooemply subsets,
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4. a) Let [a.b] be a closed, bounded interval and f : [0.b] = K. Give an
“epsilon-delta definition™ of what it means for f to be “absolutely contimions
= on fe, #."

by Assunge now that f @ [0,1] = B hes the propeety that for eveiv £ wiith
N 0 < r < 1, the restriction of [ 10 the clesed inteeval [r.1] s abeolutely
evmtiimins, Assome also tliat TheTe exists s p> 2 saek tha
i L

i
f )" < o0,

N whire m denotes Lebesgue moasure. Prove that ling,_ge flr) oxists and i
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B 5. ) For £ & [IL1] and o 20, bor aa(f) B thes sequenen of continsois fundetions
chofined by weol) = 00, %0 € [0, 1], aned by the secursion formula

aei(l) = walt) + iﬂ'—n.{ﬂil.
Prove that i, () = walt) and 0 € w0 € 0N E [001] pnd Yo = 0

b} Prowe tiat the sequence of comtimns fmctions a,(F) comenges aniformly
- Lo continnons functian 0. What s f(1)?
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5. Lot (XN, M, ) be o moisure space with p{X) < oo, Let (£ b sequency
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1. Let 8 be o conneeted metric spice, with metric d - S x 8 = By let gE S,

Shiow that if 54 {y} is nov-empty, then it s not compact,
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2. Let mr be the Lebesgue measure. For any A4 C R define

m(A) = il:l'{z mld): {6} B acover of A by open iilhi!'mlﬁ} ;
p=i

(ﬂ} Show that mm* s an outer messure on the subsets of B
- (B) Let Aaned B besubsets of B and assume that

— diA B):=mi{lz -yl:a€ A ye B} =0

. Shiw that m®(AU B} = m* (A} & m* ().

P—

L\ VY\*L(D) =0
m*LP)= W, I mTD | v To>o 3
= m ()
=0/
Li-) YA RO UGN L CLT W
LK %aﬂ M q u%s‘:l:-,g covrent B cunel BCP

coud
v \ . .

=¥ (B V AUMINGE LUr B o WWAAN WS

sl n n e thdun oL SIS

L) SWNOAAT VL DV
m* (VR F) = iny 125 (@) Ui T 2 U 68
‘2?& \,V\A ?21-( vn($)\Uu~hL Dg‘ i
= 3R m* g

B Sl Tl A4 Pnalo H U




Ao Let & = [000] = [001] = [0.1]% let A denote the Lebesgue measwre on the

Lebesgre o algebr AC[0, 1), aud Jee A denote the product mebdsure on the TUNUA‘ v? ra L (x U) = v?x((’() £ L (S)
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— 4. Lot A donote Lebespuo measure on R, Let 2 & B and let f e fla) E R

b Fobesgne measicable, For Borel sets B © B define 0. VV\ZWM [/M S
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Show that p s ameasure, and that “,) MU ({) u;OI. a') =2 m “[,E;)
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- B Let o]0, o) — B be a Borel measucablic funetion such t]l:‘
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1. Write the definition of & separable metric spaee; then prove the following
. :I'lﬂ‘f' statements:

— {2) Show that every infinite compact metric space (K ) isseparablo.

- (1) Consider the motric space (X, d), whore X s the sot of bousded se
guences of real pambers, e of x = {1,177, 2, € R, equipped with the
. dligtanee

dix, ) =sup ley =
M

(this space-is known as-0%), Show thet (X, ) is not separable.

(e} Show ihat if (X.d) is-a separable metric gspace then the cardinality
of X' can not be larger than the cardinality of P(H) = 29 (or in other
- words the eardinality of &)
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2. Lt [ be an jntegrable real-valued function on B, Diefiree o fuliction ¢ : B — &
Ly letting

glx) = J Flure Wy,

(H] Prove that 15 continos,

() Prove that g is continuoushy differentinble.”

{*cHelp B 2(5Y- State a theorem without proof which lsts suitable con-
ditiens that allow yvou to “differestiate under the integral sign.” then verily
these comditions for this problem,)
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. 3, Let 7lr, p) = r denote the projection of B? onto B, and let 7{A) denote the

image under 7 of & suhset A of R /‘“ QGer WML AL m:

{a) Let p* be an onter measare on' the subsets-of R, Show that #*(A4) = " ) j{ * L(p) D

plwlA)) is an outer measure on the subsets of B2,
) Q% () € 1% (B when REB

(b) Let A* be Lebesgue onter measure on the subsets of B, and let p*(4) =

N At (mlA)) Show that if A = 8 = R, where B is a Lebesgue measurable bbb\ .}l t{ UL-( Fh.) |~| JA t( n’).)
suhset of B, then 4 isa p® measurable set. Show where the sssomption
B that A has this particular form is nsed., /
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4. Let £2o= [0, 1] with Lebesgue meastre, . .
NOEL: Bowsadea + powite conn
ey L 3 4

(a) Lot fulz) = cos2anr, Show that fi; — 0 weakly in £2(1)), but f, does i 2 .
ot converge to 0w in £ or inomeasure, = CB’VU/ A% 9 W\j Du
(b) Lt fule) = 0o 1/mpe Show that [, — 0 e and i measure, bat f, z = ‘&L

dovs nat converge to O weakly in LU0 for any po= L

Recall: A sequence of (o} of LM functions eonverges to g woakly an 126 if
i”_r;,,; - ju g for every e L) (the dual of LA} with 1/p+1/g = 1.
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B Lot [ Twe animtegrable real-valuwed fumetion on &, Let (XA ) beameasure ﬂ\ﬂ} ‘V’O

space, sd let f @ X — R be a ||n:|u{-gmiwhl:l:-timl. The e x
hypograph of f s the subsct HG(f) of X o= B definsT By

HG() = { (e X xR0 < [(n) ], L

{Thiat s HGT) s the “region unider the graph of ")

{a) Prove that the sst HGIf) s A& Bg-mensurable, whero 8y s the
a-algebra of Borel subsets of B, and A4 & By is the produet of the - c
algebras A and By ie. the s-alpebra of subsets of X x B genorated J:‘C‘JLM@:&@
by the produets A = 8, Ae A, He By, H G_' (‘0\ = r J

(b) Let .hf R, = R, be the function given by "'

e Pr

iﬂﬂ=p{hfI'ﬂﬁkf”.

where Ry = {te B ot 2 0f. Prove that Ay is Berel messorable and

that =
J Salp = I hlr[l]nlf.
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1. Let fe LYR). We define the function g by

N gla) = f'“ fle=a)
x5

e
I+

Prowe that far all such f the fnction g s continuous. Yo muost state cane-
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. 3. (a) Let-S be i(lcompat:t uitric spﬂct and {a, ) pen b SEEICe of elements  AAUAADTOVN

- in & which munber smote these
SA(UNTUW3) # @

points by oo, - Prove that it i e index set M oanh
disjoint union of R‘ sets Spd = 1yeeay k "'iII.L]I. that each sub-sequence {0 € .
— S;} converges to y;. JJM—IL—%—
. (h) Let S be any metric space and the sequence {x,} has infinite but count-
able number of aconmulation points g4, ... Prove that it s possible to

split the index set B into a disjoint umion of sets 85,7 = 1,2, such that
- cach sub-sequenice {2, n € 55} converges to g,
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4. (a) Suppose that el ) i3 0 bonnded messarable function on [0, 1], and gl §<
an absolutely continuess Daction on [0, 1], which satisfes 3000orh = alrinis)
foir e g & 011 Further suppose that aidl) = 0. Prove that w{c) = 0 an
EH. I.i.

— {b) Provide an example to show thot the statement of part (0] dois-mot hold
i the absolute continuity condition on wlr) s weakened  Namely, exhilyit
al n boundidd measurable ol e) on i[l. ||I plr) rontinucns an Iil. l with u'(z}
exixting wnd satisfving wir) = alejulz) for we € HI. i. bt ale) = 0on
B LU

% oL oeLr
) 4= o)+, ] R

= Jbo NICEN IJ ®dx M"‘)“"W:";ﬁfe.ﬁ

el
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S, Assume that { i} s o sequenee of elements of B0, 1) which satisfy

s |Lfs sy = 00

Fuarther pesume thiat there exisis g fanction [0 1) — B with f, = fae
im (01

(X) <o0
(&) Priove thiat [ € L20.1). 4 v )
(1) Prowe that for oy ¢ € L3000 1) tirve holds WM .
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) 7 vouye dovln inclinde 0, a9 4
Lo I f 2 (0,1 = (0, o) bxabmolutely continuons, muse 1/ be? Prove 10d 5o,
nied exchibin s coneterexample iF got

Ol Lok on [0(11 = For ey &0 J0>0 3T wwalven
SE b-ail <8, n TR ) -Hla <8
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N 20 Let (X, X ) be n mossnre space aned bet S € LYY g Show thaet for every
¢ == 0, there exists £ € X soeh that gl E) < oc amd
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B 3. Consider vhe-spooe X = B emlowed with distance henction e, g) = [p®=cf

fal Prove that &6 met e

[t} Prowss that { X, d) ks piat um:]l]--lu-

o) Fsr o et | we VUL :
1) A ) =0

Alx, X)) = |le*-9%\ =
2D Ay = elly. %)
ok(x.u%-w d—ﬂ”l"l%’ x| = d(u FORA
) ollx ) ¢ dlx y) * d(u %3
olx12) = (2% P = o 8ol v -0 | ¢ |¢X-¢Y

led-e? =adx D +dly2) YV

Yo - JOANN P AL = AV A AN .AAAA‘ - & 1 J.L A AL (N . A
Mt TS fonal Comeny, &g . bt Lina oo ourside o X =
Counthnm, ¥2>0, IN ST Y, m>r\l
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T Xn= N Dan Al(xn, Xm) = 1€ - =l e - o
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d. Evalizate the integral
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> T
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5. I..rli"l H heon Hilbert space with loaner prodact (- ) and vorm || - )],
—

B Mm“‘ {n) Lot {mgkasy b n soquenoe in JF 50 that T" < oo, Prove that
iy eonvnTges i B Qamw& AN ﬁﬁuw Camtirnm .

(b} Suppose thiat o, |) =+ |Jnj| wnd w, = o weakly, that i€ (w,1) =»
{u, 0], for all v € 8. Prove that o, — w stronghy, that s, e, — ol < O

. ) \ $20 3N s I,J N7 TV~ Zkem-u luel<g
D Ut UM & Seemn luell <8,
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1. (0} Exhibit a soquence of functions £, ¢ [0 1] == [0.0] s that fi, — 0 in L
e Pt for every oe [0 1], | f (o)) Tas na limit

] Must there exist & subsecience of f, comverging pontwise!
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2. State and prove Fatou's Lemmas
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3. Suppese [ i defined on B as follbwss flo,g) = o, il 0 =0 < 0+ 1 and
ney<n+lin=0) fey) =—o,ilnsc<cntlimda+l <y <ntd
- {r 2= 0} while flr, w) = O clsowhege, Hereag = 300 by, with Py )on positive .%(_K.‘f

Y= OQun NeXen+l
N Y hu:h.!h:llr"H qf -, ; =0 =N V\‘_—%‘Vl"'i

- () Vorily chat the sheo foly) = fle, p) b= integeable, and show thar for -un Nns xent :1

alb e, §fAwidy = 0 Henee § (§ (. g)dy) dr =0 N+ 1< U <n+2
(1) Prowve that theslice f¥(2) = ey i ineegrabbe aod E‘I’"ﬂ_.r]ii.'.r - O 200D

tg i 0= =1, nnued gj“[.rjdf.r =y =ty -y e g ek Lwithon = 1 Hence
. thie funetion g § f¥Cejdr is inregrable on {0, =) and (] f{e gl dy =5

. (] Prove divectly thie !I.a‘}l'!-”"" i) |irely = o,

o) «Mu) Fixey Some x.
) x<o, e flxy) = D vy, S S ay =0

P x= xe ¥ =0
EHXM n. W&g(x(uﬂo IJM&UG:EV\ n+d) ox [n+d, a+2>

= + -

= oun M (Enyne)) - M‘m([ml,mz))

=0un- 1 -,0un-1L =0 V .
‘&emgg i = = O
Cecx. incesvo ol :
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.) J)“m Fiye s gome U -

1)
O
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4. Let [ be absolutely continuous on [, b, Is it true that the total variation
function TV( ;) is absolutely continuous? If so prove it, if not, provide a
) counterexample,

Conld. dLO TVS v SWDLD i s ’ch([..,,]) g u Wlar

Mo widl de (T W] g ivurions: .
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5. Let v{0) = 20, and for a non-zeve integer e € E, et 7i¢) denote the smallest
= positive integer which does not divide ¢ 50 7(12) = 5 but r(13) = 2, Define
the function d | Z x & — Rag by dla b} = 27700 (of ponrse 27 = 0).

- (a} Prove that d(-,-) i= a metrie on the infegers.

a.) odlou D) = & TV = 2-ULTN -~ Hip.ed V
Lcola ©cl-a
Q, b) Z ) = 'TCC(-U)

s -

= Tla-lb)=e°  p-pel X o-b

Q—T(DL‘C) c Q'T(O-lo) .-8‘17(.'0"0
Nete twaur id nlo-b ¥ nlp-C Then. n|o-C
= T0-C) > i (Ta-10d, o)

~Ta-O) ¢ mawx (Tla-2, Tl YY)

2—1'(0!—03 & Vo (- g-'vax - 2-ﬂb-c>>
4 Q—Tﬁol |03 2*"1”‘0) /

() Deseribe explicitly the distanee 27" ball about o point @& 2, that is

n {beZ;:dlab) <2} =7

[Hint: Let N, denote the least common multiple of the numbers 1,,.. .0,

1) 1LeZ | dlaw) <a™ 7§
= fpez | TP <x-nF
=3e? | Ta-0) >N3
e | il @) v je {un] § X@» Jyixed ov, ol Mo AT ou-Ho chvisile

0Ny

el | o-be NNZ3 JZ/mnmu.An T todze ol o-do €N
=NNTZ=+Q
o e Nn -
o € o-Nn

. () From vour answer in part (b, prove that the topology on Z induced
by this metric is gencrated by the set of all non-constant arithmetic progres-
sions, 42 + o = {gm + a}pez. with g = 1,

CA) U 02 e Ot = ¥xe0, I X o6 Brye &
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HX X Ing S.6. g 4 Yk
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(e} Prove that the complement of an arithmetie progression is open (so
N arithmetic progressions are both open and closed).

o) WWOG asduunt. 020

C%Z*GY = Ui q\j@% L%

M&%mm)

- () Compute the complement of

J wz+oy

_— i prhne

= where the union runs over primes,

(f) Conclude from (¢} that there are infinitely many primes, [Hint: what
— is the cardinality of & not-empty open set?]




1. Let Ey be a sequence of Lebesgue measurable subsets of 2. Lot
—

E=ilre R oe By for inhmtely many &},

L. Show that E s Lobesgoe mesisirable.

2. Show that if 37, |Ey] <ot thea |E] =0,

e =Uist B\ X ko

\‘\ 4. Assame instead only that g, [Ex] =00 Must |£] =07

T = ) 3273 : 1

Fov eauin X, :H\ls c. ¥Jle=N xe‘g_k_
: [\n-l v —>)

EJL W\Aoum = J.Ae. Nege € L°
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— 2o Let f, ¢ B — R be asequente of integrabile functions with ialf..i £°1
Asswime that there exists a measumble function [ sach vhar e e B2 | fo{a)
o Fir)| = e}l = O asn — o for each e > ()
iz Ml

. .b!
= 1. Shew that there i on subsequence [, which eonverges o f alinost
everywliere.

2, Shiow that [ b= iitegrable,
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3. Lot M be o meteic spoce, N b |1@ ki space, amd 5 = M s a M‘M

DRbsit, Let [0 8 — N be d uniformly continnois fnction, Show thiat
Trhe exiEts A wnlgun continmons fnetion g @ A — N such thar gl = f
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4. Constrict a pondecropsing function f @ (0.1 — B whose discontiniity set —_— 2275 l ¥ L E; 2L
s ewaethy G o (00 (the eatkons] mumbers in (0, 1)), or prove that such o SIS (% (0! ) N 290 lmsl: d D
function dos ot exise

M&W on (0 ND\Q IWLALASEYOSS W - TAT:

- ° () ¢ 3 >

N [ . M—:([\M/\, e

5. Let flx,p) = == for (i y) # 0, and f{0,0) = 0, where o & B, For what

values of & 5 [ integratile on (=1, 1) = {(—1. 107 Justify vour mtisoer,
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1. Prove that a metric space (X, p) is complete i and only 30 for every de-
o croasing sequence By 2 Fy = of nonempty closed subsets of X with
Titg s disan{ 5 )= 0p the interseetion [,y B = (=] forsome oy € X,
Hind: For any set B = X we define its diamoter by setting diam(£) =
_— suplplz,g) 1oy e EL
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- 20 Recall that wsibset B of a metricspace X i85 nowhere dense ifint{¢l( E)) = &

N Z [}
{A) s it true that every nowhere dense subset of B mmst have Lebesgue ) M

P o 1Fyr 0
- measiare ero? Justify ooy answer. 2 S
o ¥ —e—

. (B) Give an exmnple of o nowhere donss and uneountahle subset of B which
has Lebesgue misastin: 2o,

(C) Is it true that every subset of the standard Cantor set € in [0,1] 15
Lebresgie mensurable? Justify your answet,




3 Let (X B(X ). p) and (Y. B(Y)Le) be two a-finite measuee spaces and let 1

1 = p = w0 Show that for every nonnegative measurable function & on []n

product space X = ¥ with the product mewsure g o= o we bave c L W F = H: |
e

1p /i
[I [:I ﬁ'(:,yj;f;:{;,)”;fu[!;:] s J [J- ;.‘{I_m.l“r'l'ﬁ{y]l dyi{x).
¥ X X L]

Hinl: Observe tha

(.f\' Flr, :;}ah:{z})r = (I Fir, r.rhf_ufr])(‘l- Fir, _;}rf,ratr}) r

and apply Halder's inequality.
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4 Lat [XLB(X) p) be o messure spuee, I fooa0. S0 8 LX), and
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ﬁ_. Asenpme that B B s Libesgue measumbbe and 0 < m{E) < =,

(A) Shiw that if E s tonncdid and ml E) = 2= 0 thin for cacly g @ (1, p)
thept = a missupnble sot {# © E of wedsare g,
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(" pron Aist Sarivses)

= -?vuLx)—>«PCx) T wide (a-e> VY

) 2. E@nl e, a0 <pey

(1) Prove that

‘ (£4)"<(24)"

) . ; NP
{ik) Prove that for ey N & M we haye /) ./% < N WP
¥

2 iip ¥ I
— (Eriﬂ) = N ﬁ(Eu!)
(R | n=l

) (582 an3)7% ? ST (DA = S oun R :BENZI

(Smt an?) " WP‘U(Z X (01.41\7’)"/0')”t = (332 ()7 /

WMWW

1B = 87l

%qnmuw.mw.

uT: (cr:gwIe)

il anmdllm, WA dsanyserand 0 < po< g < oo then A C IA) and

_MMMLL{MA Cuz O
X=FCuy-yOnl

M(X)‘w {&mmu‘m) M(X) =N

612 Proposition. If u(X) < o0 and 0 < p< g < oo, then LP{p) 2 L9 u) and

17 = Fflau{X)0/rh= (1),

Griven, 0<p<g, LG J’(x) X & ch)otx- S

X = an. aJ/\_

"

P - P = P = P 4 £ Pl (9PN
. bhogr g "
14Up" = 114 UlgP- N7 S22 -4 ((J1% 40 )P

=

NI

= gl = U4 llg - N P,

(S 1ax )4,
R
-—J_.1(X)=N

= (2.,,’1‘ %P)ypﬁ (,EV](:J( Mob)'/ab N'#'.% ‘/




3. Show that if f{r. ) = ge™ "W for onch o,y & B, then

- _[: (J: fx. y}{!‘.r)dpf o Jj (J: fz. ;r'pu"y)dr.

User thee preeoding equality 1o prove the formnta

I " dr= L
. "

<) - L,

Dlx, u) 0'““2);'?2 A9 vvduacz ) (x.y) (s, tOO.
. R f @0 / ) v
D eﬂq jlﬂﬂ“tl 2 l.l ,élhy) d&% - I‘M"W Vv

_INT Y FI’RST THENX I xvos
I mef“ﬂ _lIL*;') e—wx " l f 2050 A% T Z ooty lxeo

C : zu*x*) ) , * 2 (wun'(e) - }&(0))

* i) (0‘0 : 2(lx?) *2(Z-0)

T ,T™HeN Y .

Y Y o = T o Eelay -4




S r )
4. Let (X, p) be Iu{:a.*sm‘{-. space. For every pair of measurable functions W E,‘Aﬁ &
fogp s X —C let NN TANRL DA

() —gle)]
. ) - [, e gt

(1) Show that d is a metric on the space of equivalence clisses of measarable
funetions which differ only on measure zero sets.

(i1} Show that a seuence of mensurable functions | f)een convirges in
S measure to s messurable function f if and only if i, d( f;, [) = 0.

(i) Can one drop the assumption that p{X) < o in (i)?

d( s d %)

0¢ dlh.o) ~d(o, M TS
RHS = th-m IH-Io.-;A fi%‘ﬁ
)+ 2 = 1491 +14-qlg-da | Lot TIT g1 Q-tal 1)
(i1, o,ntmq-muwu TD tlaedd oyl + (b~
g-0) + lo-dad =18 - dad _l“t -dn| - Id- - ‘M ~+
X (Poaimwe Stwgd = Ig- gl + 1oLl - T~ < (pBeicve SoWirhy)

By A g L!‘-Jm\ £ Iug'od\ﬂch-al LT vuuwvuneogry =0, 86 d (4, o)+ dllg, Ju) —d(§. M) =
= Au 01\+a((q ) = d(Jz m

) Up) =9 i 2im (fn £) = O

)
A
\

,wv\f.*u,m}; =D NLLSSoui o fnite, WU

.,QA.VV\.[\J’M/\‘J\ oM (x)=0 Bux Wwuz Joe finite for twa AAZIS
e #x $.%. lJm J|>$ AHATD @) OLM\\AWJW‘CBM

A(Ex] gt >28)<e [ o in L)

chm/u/ inyYy /

= g 2 i Lo v




- 5. Let Blar) = {y e B : |y —z] < r} denote the Euclidean ball centered

e .
—atree BY with radius r = 0, where |z| = (Ej—r"? s the standard ﬁ%%%—M—&M—
N Euclidean norm for r = (..., a4} & BT, For a Lebesgue integrable funetion I% ._}“ [ By Qp%l x) '] QLA 1 ADAAT
f: B — C we define -

1
- A1) = BT Jiter TP

where m denotes the d-dimensional Lebesgue measure on BY. Show that
A, fla) is jointly continuons inr > 0 and @ & ®Y, and using this deduce that

- thesst - vont fomm XxY-—=Z%
(FERT: sup|A, f(z)] > A)
(=11

~  isopen in BY for every A > 0,

[2) MR o = v.m(B(0,1) ' MRAUAMNM_
QL rY—=Yo ¥ X2 Xo , /Xanx 0 = /X:'E.h(.. o) ﬂ’Q‘LVWlA)lU- (c‘_ .L\
NWOCL, \’XfBlr.x)\‘ %M ‘J reVvp*h | Ix-Xel €&
DCA =2 _Lwnai 8 QQMTLVMUARMA. N ¥ ¥ %
A IB%;{,%MAG_& (OWTUy Lo
T A 8 Bedin : wlEme [aum Dol

“QECOND T \NOIWPLETE




{SPRING 205!

~ 1. Let »,f(®) = flax — &) be the translation. Find all p € [1,90] for which 8420
- [ e LP(R) implies that limg o | [ — 7S] tezy = 0 (and justify vour answer). M
— 2 oenae m LY
"'{] Mf!:"lp Z:E::CQA C ¢ .
='ﬁ"“’5 “J’ o +¢- 'W.U*Tua—%-///u’ oun -h) - —
£ B8 Uf-0lir +I'g=-Tugllr +1TH0 -Tafllr e ph<sD
‘/“.’_' V'C— (/\/*"
iy AR~ voy) Wi LN <8
o - UM oas- vy WU ~Y)
o = Tig-pie
238 26 2 Mo oNle avmedl , Tyusn~
55 ud- Tl -0 COUNTEREXAMALE
v~ ) R

TS ALt wawK fur p =00 T Lxoumsrle:
4 %o fge = vy 2 oz0 | 14l 0t f
[ JI\ T, Wi =W Kg0,01 - Ty Kopo1 e = 1 ,_\\ =iy, a0 | y[$x] 14l >a3)=0§

TOUL Y >0, 40 s 4 =1

7 L Ko, - T Kgo o
> - L

boa=d (X0 ov 1D




_ 2. Let £ [ be a sequence of measurable funetions with | f,(z)] < 1

for a.e. x. Let . - 4€L4 = f_, s alel LOniG
- gn() =_[ Ju(t)dL. L 14 pg
0

E Show that there exists an zt“ﬂumw; anel a subsequencp ny. — w
—  such that g, — g in C([0.1]).

S o = = | f(®) ot wV\M‘CJWVIWAAM“’MW SUPPORA
VUM sl Opn. 18 COUTMMOUAL + XYY, (ounly difivied o (01785

mmﬂm&&nu_ﬁuﬁp%)_ﬂadlﬁw

Q- Lampeet

vubiw (fem- L)

QLS WISt

X g
10gn ()= Opn L)) g war - L Yool
x>y 4| f”. ( )ax:]
u A\
¢ M- =1 (x=y) '=(x-|vj\

%%& L$VUU @ww o‘

FL g ot cougs (5) o0 - g JA40dT for come Je Ll Touo], m)
T 020, Do glxY= (0 + S 416 0T

YO g To1=>R w) 1fnlsd is L* since
Lh. m:auu.;&!pf’=b J l-fm(‘b)ldij <M-L=4-4=4 <o0
A gx)=0 * I"me




3. Let fu, g0 € L([0.1]) be sequences. Assume that for f e L*([0,1]) and
g : [0,1] — B measurable; f, — f in L*([0,1]) norm while g, — ¢ almost
everywhere. Also assume that |g, /2200 < 1. Show that the product fg is

integrable, and that
J Joltn — J‘.rr q.

fhm S TS =L”

dpn = L? s 4eL® lfpn- gz O
PG O L. gélp [ou(X)=9(x)| —* O

Mol <4 0 lopally 24

¢ L* conwv. = prwise (enw.
dn =i LT = fu—>4 powise (a.¢D

v Y
.




4. Let {X.d) be a metric space. and let ¢ be another metric on X, Assume
that, for-any x € X, asequence {r.] = X converges to o with respect tod if
o and only if it converges to x with respect to q.

{a) Show that o and g induce the same topology on X,

(h) Give an example showing that o and g need not be equivalent (equina-
— lent here means that there is a constant € = 00 such that O 'dir, 4) =<
glay) £ Cdla. y) for all 2.4 & X).

0 IXn3 = X WAt d [dy, 1Xa% =% W g

12-) Yo dx) £ olxy) % CJdCMD 7wwmmw
XLy Soma Co D %_ﬁu‘fb’

 BENZL'S TXAMAPLE : TXaT Y X = dlxap) = L) =x 0

: |x= i maTC) Alxn, X) S0 = \xy-X1 <2 Ve N for sumaeN

%@M_@memm Gl%n, x) —*>0 = XezX Ye:InN for gome N

wuwvmw m X= N o o\(x\u)élN Yy , Ao | Xe-X| <& = |Xe-X]= =D)




S Lot foo0 [0,1] = B be aosequence of Lebesgue integealile funetions with
fo— £ in LY([0,1]).

(#) Define, for any f € B, the function

1 =1
g PO

Show thiat there exists o subsoquence nye such tha
gef <liminfge f,
almost evervwhiore,
(b) Show that, for any { £ R.

[lre [0,0]: flz) =t} < IiHLijltli [fee [0.1] : fala) =t}

(¢) Sthow that for all but conntably many £, i, .. [fr € [0,1] j}:} =1}
exists and equals |[we [0,1] H.r} =1,

WA o X6 X if fov wewy ye iR vl uc{lcm

%vum u 8 Xo St. $(x3>t4 X eW.

L T i () = (x,)
4 A 4~
41+ o— -k'—'v/—- —/— 4+ o—o o
— % / — > 9 = 3 >
% | X2 X% | x Xz X2
na(g‘\ P (<)
oo (;\,:?1 ~B.4(KB>L‘
d t [0} Y, (x _4_‘1:
UVL\ A4
N LU SUMACONT. Tiam. O\ ¢ ¢ IS 0
Sonee dpn = f un ) 3 swiotes, ivuci st fe—d" a2
M(‘\wae X ° o.oJ(x) ML 0 ° «wa(,x) \/

) =1F

%y e wwaww»wm\ &, Ly, 3 SMSU. o, -‘PMCSVI/U wuvwvdﬁm

S **QV\A(_ = Lanawd vpm

=2

\ v U v

Mm;c%mw:fmn?
0 0V

=>lix\~gm>t3l ¢ v,




S N
(§x 100 =t 3) sG,Umimv. lsﬁl%ﬁm >1%)

Nowe: |1 xlC?*cd(x\ voarind| ¢ [ fxlIuwrat |+ 1§xl %Lx)‘?b?
Y |?xlv?¢(x)>t?l ¢ l?x\ LP.L J*[x\>8?1+ ($x] 2 >e-831 for tome § 50
o Iilencx\sf?l & L EX 1 ()= §7] ¢ [ B b=63|

v ¢ " + L ALE-8) = L) + ALt ]
” c 7/ 1 l5-8) - Ll ¢ (D))
e, !?x!.h(xbtﬂ-—l.k(t-&) —uw,t\[- 1§ x |-V > 831 ¢ | b))
V G L

Qw\:\,mm A
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U
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ll‘); lsammlugma! spram:;nd!c C(X} ?m:a]l equiconl; ' X

N 1. Let (X p) bea metrie spodee. 74
77 danae adeWl ~ .
N (i) Supprose that (X, g) b Prrove that if Y is oy subset of X,

B then (¥, p) is separable, a—

ot of peal vidued fune- /

mlay =aupf{ fle) + feF ]}

necessarily continnons? Prove that vour answer is cormect

{h) Suppese that (X, p) s compact. Let F be ang

N Lion

%&OM\ZM“ is 0c J2GAAS &\(JL@« A

, Y < § =>!.DLX\—JUDI<S \H)e(F
o < € +.
1&00 J{) ()0\<8
= 1o =N = A 4 (A +X (D= D, () + o (un) —Ci (i
( { P . + 10 Ve VeTdy VA

2, <s
< aaﬂm () - J (u)l
= 23, +1d, (O ~ J Y+ D ) S )
23 2+L}{ () =, )M\Lp\ NRESAMN
|| R ' J Vg

O
Sv

— - Z A8, + -

CT1C
INCOWUHLET S

VO T AR S




2. Let ju be Lebosgue measure on B

{n) ot

A= {IE My I (e Pl = 1 } .
=3
s A aoelosesd subeet of L(p)7 Prove that your answer s correct.

() Let

Gt {_re L) ¢ J |fle) P 1 } 3
R

Is &3 a closed subset of LY{p)? Prove that vour answer is correct,

S TFTd LD Yvalp. #4

- 3. Lev g denote Lebesgue measure on [0,1]. Let {f,} be a sequence of
3 = g Y /_————-
Lebesgue mensurable funetions on [0, 1] sueh that

= _[ Ifule)Fdpley = 1 for all n.
fo]

Suppose that the segquence | £} converges 1o zoro in messure. Show that JJ‘ ( ?X ! I g < -pl =S i) - D

; S >
J_:_li:i_[;u'” Fule) dpi(e) =100,

Sunce fu=0 | ¥E20 AN 80 Yn=No YL X[ L] 225) <.

K Ao T E 3 x\ 1 doan )\ 2§ A fol=€ vEe
(phxisnd nd Co= x|l () <& 3

DN due = e JAn(x)du

! ) Z

NLQJUQ'\)\/\QAJ’/ L M(IJWL O, tauun L [ = 0O

= (Jidpa P ) £« [4- 4(B))2 4 = yEN*

(M-L)
sl dx < &Y (Tp)
(m- L)

Thaun L [ ok € L (M) ~ Y4 (Tz) & )

= L Y EBN2 + Lo ()8

= 0O+ y Fo IDES

= O+ 4

=% J

&gmadm% &= 0, we ORI oo Lwoa Jeo.1 |%A&(i)ld&.:ol ALY

AlW\, rr (im]

Vbld V




- 4. Let p* denote Lebesgue outer measure on B Let A and B be-any two
_ subsets@f B hat are separated by a positive distance d. That is, il r e A
and ye B Jthen |r—y] =2 d = 0. Show thar

wLovuG
: QQOLE/L_F'{A By =p"(A)+ ut(B) .

H* (RUEY 0 JUO‘(A\*,,U*(BB 3 .

e 2.20 Py oUl\\/\N\"uOV\ O QUUTRAL VVWIUASANL
L) = un) 152 (JAIP_\\ Ohn 2 S PR AN

*nz,\-m‘h L= FN | VE Fi >% 3
P

A J 0.W.
2&3@&%1:;3;? LG Ac UL E, q—’,BC-U.'?:?F.;
T
A Y (BN 2 Y4* (i By » % (DS &) NNy
$ 30 MEED + S A HED 2 MF
=3 Z mfcg,h)u*m:)

AM*IHUB\ 2




5: Let p be Lebesgue measure on B, For any f € L'{p) and any o > 0,

— define fulr) :=af(az})

{a) Prove that for all a > 0, J. Solx)dp =I flx)dp
R ]

= (b) Prove that

- lilllj [flz) = falz)|dp'= 10,
] ®

0 ,{)ov(ﬂolx = m-%(a»@ dx = op)Qluddx = o) J(gj)-’ﬁtdu

ﬁe;c;sz

J@) Je& AS Iy FONT (@), Jm(xﬁe U Lnre Jon (O
= Qv m—ljb(u X))

1 -
) UOTGL. J
Q.-/PGA/\(X) _‘;J/XD cL.9. ~ ~ U
Lo shNNiet — ——> >0 A9 et
L

Cungle 140x) = {00 £ 1401~ [ Jalio| & R Yot Jgald, JOOT < LE

T~ WL Cun_ Cu OCLU ¢
vQA-,YY\.n -1 fl (XY - A(HIM
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N& 2035

Problem 1. Let [, ¢ be absolutely continuons functions from B to B, and
h= [ og be theilr composition.

—

Prove that if g is nowdecreasing. then h is absolutely continuous.

Sitlli—ogl <8 =2 Sl fle - flead 1<

26 20O, Tue cunRuGe coumopuwuuaLtpy ol J ML US e o' >0 cunds
OINA AT, AR 20 C CUUA_ M. AT AvMM s IDN "3' S ULLAN )
:N oL =0\ < '- AL G S uUN A ULATOS LY N A O g AN
a 89 o fon itz U 0 9 Caaoan, (U S i :m P v QS L (R
», (G, ) = (eul Im L T uon 2 DN eSO U

\/
SO LAY RUNIING T § T WVUUN A A
Q \m\ c«((L | <@

3 0
N .\
A
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Problem 2.
Let dr denote Lebesgue measure on the Lebesgue g-algebra of B, Assume
— f& LY[R.dx) is real-valued, Define g: B — R by

glx) == J;fm(,—u. WPy,

) —————— 3M ST

x) - L) 2 X -

—  Prove that the map x — g(&) is Lipschitz continuous gn B,

c

o — -1\9 —f _..\2
lax - alx ) =1 J A We ™ au— 1w e "8 ay
(I NS Vd J v\ d

&>

. \N2 P ..}7-\
G (e g T Joly

L. [u{)(bp R e S Y

0

W] - P,—Lx‘_(d32’ o F ol 2 m 1X|,“X7J‘N L) | = CM X — Xz,
) b e /

A T —
/ <W\IX1‘X?_\‘~ <l A %el\}(@\
ORAUMALE 7 18 Soy N =",
u,‘oscmt—%? ¢ =V
—




- Lo CA. A SN AL Y o

Lot X =¥ = [0, 1], both cquipped with the Borel a-algebra B{[0, 1]}, Let A
dinote Lebisguie mesure restricted to 8 Lot e denote the counting msasare:
for A < [0, ]I :m{l .N'ﬁ -1 hmtr u[pl] = -iup),h‘luulnbﬂ of el:'mvms nm"!
L(!l 2 Ll L Tk u i laraeters 3
ﬁm Vr!]tlh Ty b seun as o fanction of '.ulh 4 A phrameler, of
function of g with & o parameter, or 8 function of (2, ¥) — depending on the
contest,

Show that the three integrals

Iyt L (L Xn'[f}'f-:“f]) dily)
i :=J U xplyldv[yl)”'a’-!*'l
Ny

1w j X ole uld(A(e) % i)
Xy

vield three different results, and)esxplain (briefly) why thisis not aeounter-
exgmple to the Fubini=Tonelli llmm'em.’l

T = (S an) ov = J)\/Dx\d\) = Joav = ¢

<

W == e — ~— d =

%vxwgwwv re D
Y)

WO A PT- ) e X

X AN

%ﬁrx—omvﬁqyﬁb—ww%bw, , '
CA e i g e WA Lo O e

=0, WA S

J
Ta =iy X000 Ao x V) = (AxVDlxy) = dx oo =0a /

J




Problem 4.
Let dr denote Lebesgue measure on the Lebesgue a-algebra of B,

. z
- Let {f, : R — C; n e M} be a sequence of functions with ymiformly bounded A L g

LR, dr)-norm. Suppose that there is an_f € [? such that for any h g 2 £
o i S mr — (! ‘;":‘]“17 ﬂw’ﬂl
(xdh(e)dr when n — =, w

L7 one has that § fo(e)h(a)de — V. f Suppuose

furthermore that the sequence {.‘;” (R — C;n e N} c L*(R, dr) converges 2 2
— in L* topology to ' 4. j_;%u)il,_g_‘_t_‘_vv&béx)_ﬁ_lf—
; . —t
. Show that §_ f,(x)g,(x)dr — Sﬁ flx)g(e)de as n — o, ‘W@X&—ﬁe&x&—

(HINT: The stated assumptions do not imply that f, — fin L* topology. ) ] 2
— Ch — 0O 0]

OV\.
witt | [ fuldgatd = [ 40| — O

Lim S'Joﬂl,x\(()rﬁ(,@— l‘\,%(x)%(x) =Lim | [ _,(.)M(g)%hc X) — %‘*’%‘3"3

A U\W\O&A SPES VT v{}q\

Problem 5.
Let X = [0.1], and lét dr denote Lebesgue measure on X,

fa) Let F: B — R be the periodic add function of period 2 that takes the
value 1 for x € (0, 1) and the value 0at © = 1. (Note that this completely
- defines F.) Now consider the sequence {0 & M) with f,(z) := F[2" '2)
restricted to X,
Show that when n — ., then L. g2 ) falx)de — 0 for each g € L X, dx),
s but that f, 4 0 in L*(X, dr) topolagy, and that f, 4+ 0 peintwise ae. in
X,oand that 4= 0 in measure either,
(HINT: It helps to graph the first few members of the sequence { £, }, say
e forme {1.2,3): It also helps-to recall Bessel's inequality,)

(b} Consider the sequence. | fome MY, with fole) i= nxpg ().

Show that when n — =, then f,, — 0 pointwise ae. in X, and f, — 0 also
— in meastre, but f, 4 0 pointwise in X, and also £, 4+ 0 weakly in L3 X, dr).
(Hint: For the last task one of these four tasks it soffices to find a smitable
g & L3 X dr) such that Xjo./m(2)g()dr 4+ 0 when n — .




