& tr?sn'ltlon Assumc tha.t tl)ele isv e V such th'1t {v‘ Tv. T, TJU T"v}
- spans ) Assume that the set of eigenvalues of 7" is précisply equal to {1,2}.
- T the basis of this information, how many possible Jor/lan canonical forms
are there for 7', and what are they? Justify your answefr.

JCE (S ummno ..
gl LG ..

$v(’(v"\‘2v.’\3v!’r”v’f PACK SO FPpaMA ¥ IS U .
v ../_\
mmmﬁimq WL\ (LA If!“((‘z“‘r'f"r"am L ol

= N 784y o T had Ly @ AT 5 - digy x5
J

v J —
A/A ,‘V‘A‘ @J A /A \‘;7 I/—] 18 5
‘A QAN O . . /A ANL |
= B Mot oUY S & oL odunlUA e BTN

TLrA - ol = (Xx)

_POWTTON 5 AD 2 (2 tiepeaoda) A A,

BROCK Sigea: §4,43, §2.3% §2,2% §4,1%  fox $4,273

&)
N
:
:
J

~

(WNTe QUT WU Tuey), LOBK JiKo)

2. Let G = G| x Gy where G} =2 Gy = 5,, the syminetric group on four letters. C
— Suppose that H is any subgroup of G such that H = S;. Show that either Cﬂw" C A
. HNnGy=1lor HNGy = 1.

G, X[?q b §(o).aQ2) ’o.alteféaf
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e 3. Let S be an integral domain and let @ € S. Let R be a subring of S such

that S = R[a]DProve or disprove the following: <V
(a is a principal ideal domain, then S is a principal ideal domain. é/&]

&%b w (b) If R is noetherian, then S is noetherian.
i You may use major theorems in your justification as long as they are
specifically mentioned.

T s cun Lol = el veR Thuun
a) R?lb = S LD our €t L

. 5] i. : 1 ( Rix1/(zy ¢ (B[z) [x1
U i :

1) R Nt uw icua = 8 Neethenoune

By Hilbers Foaid dum, if R is Noathumieon , Dawn o i§ Rla]=§

(‘blx xa\ X X.,

)-NZ/

4. Let V = R2. Show that the forms x5 and 21‘% — 23:% on V are equivalent.

SoULNOLMT ML -
U“” £=5 Z\MGG,I,.,/[R) AL Wix .x,) =[N f'.])

oMYy "NZ N YNNG

_ 5. Let R be a commutative ring with 1. Let I and J be ideals in R such that
for every z € R there is y € [ such that x = y (mod J). Show that for
every @ € R there is z € T such that x = 2 (mod J?). (Here J? is the ideal
- generated by all products rs, r € J, s € J.)
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1. Prove that the group @ of rationals under addition is a(ﬁrsmn fr t\:)ahoh.m '
B group, but is not a(freq abelian group.
/)

mod WSS e ony) TOVELON Ll -
TSSO L AL, = ME M st. vwn=0 fov v+°el (pg- 2u4)
.ntbml:V\V
= A fonie eurledr

duwn! Toe ‘Ezued'b g = g+ +. .. -o-c(’ = n(g)
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2. Let Z[z] denote the polynomial ring in the variable = with coefficients in Z.

(a) Let I C Z[zx] be the the ideal consisting of all elements whose constant
term is (). Prove that [ is a prime ideal of Z[x] but is not a maximal ideal.

(b) Prove that Z[z] is not a principal ideal domain.

0) prime: Yoo €T , il o o keT
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3. Prove that a finite group G is the internal direet product of its Sylow sub- M—CMMN W
groups if and only if every Sylow subgroup is normal in G \ / Z,
H 2 o HK2G

(@)E!MM’ Sylow Q,,mqu s neswraul. 246170\/%&1. z #txkK

s oM S umnisme (np =4)
Dawn B 0P N... NPT = 4.
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4. Recall that the group G'Ly(R) acts on R* by the usual matrix-vector multi-

plication A v = Av, where A € GLy(R) and v is & column vector in R*. " 1
~Ta) Determine the number of orbits for this action, and describe each H @V’WW&’-W%TG’WV_H—
bit. L
" )l(h) Find the pointwise stabilizer of the set {(z,y) e R* |y =2, = # 0}. _ L"ﬁ sl
Newp in Wl Vo
for IS el
PEGLR)  Wv=KBv e
a) QuoN=%Ay=pv | REGL (RS L
- : = : = a\ = lerbl)l- Sl = (6]

- WY S(aw | U=X, X#0 3 = s [¥1[aeof

H (§: A ouatts le o %1 = TEDXT  wienisthis = [xT17
i%%li ;f[ﬂ |Xsr 5733 W arh =crdl = 1

P, = Lox <o | ﬁw;\umubwzvamw S Swuo = ¢leal) asw=cto=17F \/

sl . (0 qon coun O Froim (5]t oy [4]€R®
[&esa] ¥ (3] — ’ s
0 -V =0 - -4 =_J1-
=0 , o= -"ao e E
- 5. Let po @ — GL(C) be a homomorphism, where & is the eyelic gronp of

order 3, Show that with respect o some basis of CY every element of p(G) . Q < W
_ is a dingonal matrx having cnbe roots of unity on its diagonal. tu

=R > P%=4 =2 A%-4=0 (9:=Xs —
(2~ W x-w' ) x-wW0?) 3 yeas (antint, patd = Co
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equivalent:

(a) the equation 2® = —1 has a solution in F . .
) renvw -
) (b) g=1 (mod 4). ﬁ U !
B Hint: work with the multiplicative group F* of nonzero elements in F. [ ;L(Aa “9 LIV K A :&! % P:( AQML
2. q =

- 1. Let FF be a finite field of order g, with ¢ odd. Show that the following are 5

99 X -4 Wmed 5
(=) x*=-4 for Uamy xéF 4= x*: =-4 ymedd
\&Flw{, -ﬁqoeec,—m—i R VM W B U4 5% 2 1
Do X% = a. 1 0. odd
X_ood é?xzonotd le-)*i=o‘l’ \/
odd +oad ~ oo 7/ val
Koo = X% aren, xZ+4 = o '—-Cn/n([um}.l
x=2n  (2)*+1 = q S
nez Hnt+ 4 = q (4n?+1) med 4 =4 |
> o=4 moad lqms&wﬁwmmqwm?
W= i eR”
() = (o) = 4 oS o Hn+d g =tn+d
-i'q 1 n A xtd  on Hlexlele o = 4 ued o
= (Hn+d) -4 oM =4 !
y o2 = 2z ad

DKMy Hn+d s sdd + pume
i !
X=2fn  woorkt Hyn? +4

— 2. Recall that the algebraic multiplicity of an eigenvalue of a square matrix is
defined as its multiplicity as a root of the characteristic polynomial of that
matrix. If A is a square matrix with complex entries, let exp(A) denote the

— exponential of A, defined as the power series

- o

exp(4d) = nIA" = I+A+ %A? -
. n=0

Assume all eigenvalues of A are real. If A is an eigenvalue for A with algebraic
multiplicity g, show that e* is an eigenvalue for exp(A), and has the same
algebraic multiplicity .
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- 3. Let G be the group Q/Z, where Q@ and Z are viewed as groups under addition.
Prove the following.

(a) Every element of G has finite order. H Q uh q% RYo)) S [lSi VL)
. 1
3 (b) Every finitely generated subgroup of ('. N = .JEOG—H S ‘\7 JA. -]/\.ok' ~ JL'GH
= Je-Jno

@=OIZ = ¥Pq | peZ, q+d np tov n6ZF

UIU/M%eZ =0

un ('/937' = P/o,* P/a; + . ..*"/9‘ = 01["/4) p =0
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O\»<°° , sowise Yoo = D . winiche at aplwr O
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wy Co€N Wie[L,nl

— 4. Let G be a group of order 2015 = 5. 13- 31.

- (a) Prove the existence of normal subgroups of & of ordeds 13, 31 _And 135,
- Hint: establish the existence of those subgroups in that FT. -
(b) Show that & is isomorphic to the direct product of & group of order 13 &\ X 6 156

— with a group of order 155,

$M SMIWM‘S 80&5 ,SWQI% Sl/zzl &
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N \ . G
5. Let ¢ = 2Y=% and R denote the subring Z[(] of C. ~ =N - 12322 = ¢ _ T
: A 2 2 : 9-"3
2

(8) Show thit R=Z+(Z, - .p‘(."'/b
; T———— k) 3
(b) For a € R. show that |a[* = aa is an integer, where @ is the complex ) K [ 49 —
. conjugate. K 7& 0'73 [l
N " 0= 4 € 2
(¢) For a € C show that there are ¢ € R, and r € C, with . W J—j
e /) ¢ i2s leVoz LY
B a=g+7rand |r| <1 _&;& S\ /- / b 82 “ym z IL\f_ ﬂ: E’ i
N \Z A 3 2 = = 2
(d) (Division Algorithm) 1—/ \5 . gr/ LW% _ (]4@ _ i)
= Show that for a,b € R with b # 0 there are g, € R with w‘r/s .e" 5 € \ 2

B a=bg+rand r| < |b

(e) Show that R is a principal ideal domain,
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— 1. Let P(z) € Z[z] be a polynomial with integer coefficients, and assume that :,%w—’i

€
- P(0) and P(1) are odd integers. Prove that P(x) has no integer roots. l J

PLXY = Cyp XN+ ...t QX+ O
PO = 0w R ynotih A d
?(13:a/1/1 -‘—--'+&A+&_A\ ‘ZJ

= Oun+t .- * Ou = ven~
14 Vis€ L is oo vyl & o mg{/m wm 20x1 (8 ved ynivued
T~ Y0 ¥ Sloun, | :
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?Cr)=()=a4,\_r"+...+a4r*§‘</a WMNMMA_#_%_M

A Cuar" + ...+ CuY = AU NS VWVUTHN NN
0= VUN) *Co  pauwndt haypen !
odd

2. Let M denote the additive group Z @ (Z/2Z) and let End(M) denote the oUuNID — (4
set of homomorphisms ¢ : M — M. Show that End(M) is infinite and nam g — ey

noncomimutative.
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: 3. Let A e M,(C be- a matrix such that A* = A for some integer k > 2. Prove S A% | qu o ! ,\'\M‘“‘
that A is diagonalizable. G ase Peome TE

A is nxn e lied i O /[ RONAAKE: Cpl) & C <]

P B fov sovmn KzZ ( Tovy Pl e Oy Cllesedovor, Calidd wULLS LALD
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4. Let F be a field whose multiplicative group F* is cyclic. Prove that F is
— finite.

e et = F"=<O;>
x O A= “’&x x0; for Some K20
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— 5. Let G be a group of order 108. Prove that G is not simple.
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1. Let G be an abelian group and for each positive integer n, define QM & L ezl lols

- Gn] = {g € G|ng = 0}. i
|

(a) Show that if m and n are positive integers and m divides n, then
) nd G[n]/G[m] is isomorphic to a subgroup of Gn/m]. l hd I
) 5 Give an example in which m divides n but G[n]/G[m] # G[n/m].
- Prove your assertion.

N
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- 3. Let I be an ideal in a principal ideal domain R. Show that if I # R, then

(1" = (0)

all 5= Ly oo i)

PLRP1DS oae NLTIAviCne

Q‘D % Nl‘&( mvllv"/l/\-MA‘

(Here I" is the ideal generated by all products xy - - -z, such that z; € I for M—‘M’C - 'QV\ cém

=(a) tov atR . Guivem TR,

I = P XX ] X;ET VieTLN S
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H’FSOC (\nﬂ I" ’*(D)

—n/u_/v\ {\vw( I" “(lo) -FM Lt0.

Thun ¥n, =0"v dor Some vhek

aa,'v‘._=aaf2'=. =0z A pay =

D V=l Can

T#R, S0 & Com0T Joe o umit  (ae oa™' =1€T, g9 dr=veT vrer)

. (V) € e Vin,

(v NFRE.. MG VRe) G - --

ouprntan. Sna, L 15 NI evios ?

@\ et B be a nondegenerate symmetric bilinear form on a 2-dimensional vector
space V' over the finite field F}, of p elements, where p is prime. Assume that
- p # 2. Show that there is always a vector v € V such that B(v,v) = 1.
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5. Let G be a finite group acting transitively on a set 2 and suppose that

|©2] = p™ for some prime p and positive integer m. Let P be a Sylow p-

- subgroup of G (for the same prime p). Prove: P acts transitively on Q.
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1. Prove that any complex square matrix is similar to its transpose matrix.
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2. Prove that if the ring of polynomials R[z] over a commutative domain R WM % WW g : Dd’ ‘:.
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“RIX1 2P0 = R o fuedd
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(X) is o vk idead in RIxT, Ao RUXI[(X) is o Fiedd.
RDI[(X) =R 1\39 R ¢ fietd /

with identity is a principal ideal ring then R is a field.
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3. Prove that there are no simple groups of order 18.

|Gl =18 = 2 x2*
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4. Prove that the groups Dg and A, ave not isomorphic. (Here, Dy is the symme-
try group of the heragon and Ay is the alternating group of even permutations

on 4 letters.)
Dy <x¥=82=4> Buy AN U 91v-)0:4 COMAMM%L

fin LYS 2

Dy : Tt ot d & TWuse - (12)(34)

r®s. sr® howe ovolw 2 i D))
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= |al=p" A Xl=m,

7
. 5. Let p be prime and let G be f et X be a finite set with |X| not
divisible by p. Suppose that Gsetsofi X. Prove that there exists r € X
with orbit G - & = {x}, that is, the action of G on X must have at least one

—~ fixed point. Mﬁ__‘ SO (X)) =&

=
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- 1. Let G be a group and let H € G be a proper subgroup containing all other
proper subgroups of G. Show the following:

a) H is normal.

b) G is a cyclic group.

¢) G is a finite group. Gassess—————

D) ke ) y ' = eln
TOXKL ce G\H.
D) 14 e\nuicﬁ B
o Ry
c.sH Ga =
o'G:6 H=6 (4tues pvropwz)
i) G\\H#‘?ﬁ.i T~

w&m,o TuL Shince Heb)

2. Let g be an invertible n x n complex matrix. Show that g can be written as

§ = st = us,

where s is diagonalizable and all eigenvalues of u are equal to 1.
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3. List, up to isomorphism, all finite abelian groups G such that the order of
every element of G divides 55, and the number ng; of elements of order

B Txactly bo satisfies '%I il 5, “ or 55
10% < ng; < 10°

You must prove that your list is accurate.

ﬂg@ "2 (4,0) s v Revn(9,1):5

(0.10) trous @uen Leann (A, 1) =1
(H10)  Lraa odenw Lo (B,]1) 55

x[D + :Lx4xflb = °SD+HD QD < 160
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25 © I ©OZ © 7y Lyt ameltia v dom=55)

LC#0 , A0
Ve = 4xSx %D+ (24X 410+ |*IxU X0 = 0090 + 200+40 = 1240 > 1900 X

= 4. Let G be a nontrivial finite group of prime power order, and let H be a normal
subgroup of G. Show that H contains at least one non-identity element of
. the center of G.
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N 5. Let GL(n.F) denote the group of n x n invertible matrices with entries in c(g’l. . lg s &DIM@M [2 . 2 (Dq’r

the field F. Prove that g1, g2 € GL(n, Q) are conjugate in GL(n. Q) if and
N only if they are conjugate in GL(n, R).

(=7) chauUMAL O+ 0 oy eun(@). (o UL Ao Mo/ (dun, ov..
T JRECUL(R) 5T. Plop A=9,.
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1. Prove that any homomorphism from a finitely generated abelian group onto Y

-~ pownoinleaaring
itself is an antomorphism. e

Kix] = 4“"—'%‘&4)(*-.- s X T 30t
K[x7] = %=aﬁ+mx+...+oMX“+...

N~

2. Let K be a field. Let K|[[z]] denote the ring of formal power series, whose
elements are expressions of the form E;lu ayx" with a, € K and the usual

addition and multiplication. Find, with proof, all ideals of K[[z]]. = 330 ouxt nfinice!
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- 3. (A) Prove that for any square matrices A and B of size n with coefficients
— in some field the characteristic polynomial of AB equals that of BA.

— (B) Give an example of square matrices A and B such that the minimal
polynomial of AB does not equal that of BA.
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— 4. (A) Prove that a Sylow 2-subgroup of the symmetric group Sj is isomorphic
to the dihedral group D, of 8 elements.

(B) Prove that a Sylow p-subgroup of the symmetric group S, is non-abelian
if and only if n > p?.

a.) l%,gl 2 Q4 = 22 3 ? (Propouucrs &)
= st 8 - 2-+ q-al/l}rl%

Py = <r.41 r4= «P’ 4, rJo:.{;r’>

v (1224)
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5. Let I be a maximal ideal of Z[z]. Prove that Z[z]/[ is a finite field.
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1. Give an example of an integral domain R and an ideal I in R such that all of
A the following statements hold. The ideal I is not principal, it is not maximal,
N and it is prime.
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(2x) =3 . R= er.tﬁ_-?

i) Nec punci pad
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- 2. Let p and ¢ be distinet primes. Let ¢ € Z/pZ denote the class of ¢ modulo

) p and Tet % denote the order of § as an element of (Z/pZ)*. Prove that no Q‘§ W v !Q' =4 A8 PerR3G
group of order pqg' with 1 <[ < k is simple. Gr .
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3. Let M be a square matrix with complex coefficients. We consider the usual
matrix exponential

o 1
exp(M) = Z]_

Prove that exp(M) is equal to the identity matrix if and only if M is diago-
nalizable with eigenvalues in 27i Z.

Nt : Picke -PA.,D\OU/\_/IDO,{T Ax (99 Ma=Ax)
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4. Let G = @Q/Z be the quotient of the additive group of rational numbers by
the subgroup of integers.

(A) Prove that every finitely generated subgroup of & is a finite cyclic group.

(B) Prove that G is not isomorphic to G @ G as an abelian group.
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: 5. Let G be a finite subgroup of the group of real n x n matrices with nonzero

determinant such that all elements of G are symmetric matrices. Prove that
) G is isomorphic to (Z/2Z)* for some k = 0. T-B
G —-I'[Zo\ : (Qpx.. ﬁZ725 = W_EWAL Lagure
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- 1. Let P be a Sylow p-subgroup of a finite group G and H be a normal subgroup ‘ I
in G.

a) Prove that the intersection of P and H is a Sylow p-subgroup in H.
b) Find an example showing that for non-normal subgroups H the state-
- ment a) may not be valid.

o) Reslolad . WTS: Pan e Sylp(d , ogm: LPAH =™
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2. A ring is called completely left reducible if it is a direct sum of left ideals
- which are simple modules over the ring. For what integers n is the ring Z/nZ
- completely left re({ucible?
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3. Let A and B be operators in complex finite-dimensional vector space such
that AB— BA = B.
a) Prove that for all integer k& > 0 there holds AB* — B¥A = kB*,
b) Prove that operator B is nilpotent.

0.) Py !ma A QAL ) B vilpoxent = 3£>0 g% R“=0D
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4. Show that the groups of automorphisms of the finite abelian groups Z/30Z
and Z/15Z are isomorphic.
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5. Let R be an associative ring with identity. Assume that R has no proper : ) b N2S

one-sided ideals. Prove that R is a skew-field. =
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1. Classify all finite gr f order 201 i hism. (Hi Th
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2. Let R be a ring (associative with 1) with finitely many elements. Prove that
if R cannot be written as a direct product R = Iy x Ry of smaller rings, then
the number of elements of R is a power of a prime.

IR[=N <0, R#* R, xRz w| |R),IR) <N
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3. Let A be an n x n matrix over some field and let f(t) = det(A —t1,) be its
characteristic polynomial. Consider left multiplication by A L
uﬂm@/\

B M — AM 3&,175

as a linear transformation L4 on the space of n x n matrices. Prove that the
— characteristic polynomial of L4 is equal to f()".
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— 4. Let S be the subring of Clz, y] which consists of the polynomials f(x,y) with
- f(z,0) = f(0,0). Prove that S is not Noetherian.
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5. Prove that for any prime p and any positive integer n, the group GL(n,Z/pZ)
contains an element of order (p" — 1).
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c 7 U 15 VANV T2 XN MNaTNLLS,
s AL L o, i U L.
T w ROW ) NBiLs Fov Lols gy

cunviced ’ in 2p?

Ryt col: Pick one Q{ P LS V] TULS , v tae e adL O's
= ()"0 = pr-)
S GOl : Pick  unoThuw 92, mx_tgmwa_wmw wy AT O Lo LMo,
S : MMLEAPLLS @f G (neTe’ Tid inc2uaes 0'S)
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L ool ¢ HULWW MCMLIAMWMO&WW}@A It A, RS
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lGtn (D] = (p” —D(p - (p-p) . ")
in fov cuny puwu duvissa ¢ |Gl , 3 cun LN VNI @ TV QAL w
N CIAA L~ A e - DIIGUR (I~ -1 Ui, T A ECUNZED 5-T.

1ol =p"-I /
! v




B 1. Suppose that A is a not necessarily commutative, finite dimensional associa-
tive algebra with a unit over a field F' and P = A is a two-sided ideal such
— :/.—
fhat for a,b € A, ab € P implies a € P or b € P. Show that A/P must be a | §
- division algebra (i.e. every nonzero element has a multiplicative inverse).

Mmﬁﬂawmum n F

W/ it = hana Ldmm

P P
RrP — A/P w,ﬁmmm OuX is Lng. MJMM oa 20

te n[p

’ K %a._wun_ht 1eﬁﬂ>.;1, :Iut“"lPsv mud 4
Heance oo e co iy ML Se l/&,

2. Show that every group of order 2020 contains a unique (and hence normal)
— subgroup of order 505.

|Gal = 2020 = 4 x 505 = 2% x5 % [l
B Sylow : 3 Bore Sylin(6) W) vupl = (meal 101,y |4x5 = nyp =1

e Po 4 ) it iS ) g 10\

slaine Dol novnaad)

Caomiour G' = %P0 . cuns vome 16'L= " 1pon = #°*°lo1 = 20 (=27%5)
By Sylow again: 3@.5&8425,(5,)Mn5=lm5 nsld = ng =41

WCDa-ﬂ&
Sine Qs 2%%0 o For 246G, uxt N=0¢ Boi amnd oviesre TnaX INIZ505 + N4G

Hene N is o Mm/mmwml_%u@gp&b_é




- 3. Let M be a matrix with integer entries.

(a) Prove that the minimal polynomial of M over C

_ Fmin(t) =5 + Zat’

_ has integer coeflicients.
(b) Prove that if M is diagonalizable over @ then there exists an integer N

such that the matrix M mod p is diagonalizable over Z/pZ for all p > N. gy “9 oo, VOOTS d mgelgg W/
//? ) N

Wt A, oo, A ee eloepwoduas (W, |

(V) w@bﬁ= T2 (x-Ai

. 1 . B & C
L MMJM?CU\L UWNTZO2NTA L @/NAE A

) b&%raum ool . A cvedys in &
l)-l-ku/\' AMan ms-buxwws u/we,au

V2 :
dastiwvec
) M diepcinls oures O = vuin POy RUETONS TN INLaN RULOVS eves §

D=p'MB A s e even © ML B A 4. Ol OADNLS ot SCumd
Dis mxm QA 2 o N

O AL Lﬁ%mmm&umﬁb
Fo1 oLy >N, T scuNe. ML N = 20 Levions)

C)D\/VUDS ﬁms/l/\ @ A fginle ne

m} WI&W Bmw §
% g . [ . '! ; ‘ [ . P Z

4. Let F be a field and let L be the ring of Laurent po]ynomials L="F[z,z™1]
B (it is the subring of F'(z) generated over F by x and 2~'). We consider L as
a module over the ring of polynomials R = F[xz].

) (a) Show that L is not a finitely generated module over R. SCcum L (' d LA A :&' 7 !-ﬂ 2% 4%0
(b) Show that every finitely generated submodule of L is free with a single . -
B generator.

) L= Flx x'] . e=F(x]

e L{xi X
i Z:-OQ‘XJ ' ALY J 210\ Z\El C(AJXJ
Noge tax x ' €L. T\Amx PN R Ou,li .
nL, H v e+l S M <
| = Z.—. S\—n ai, 1)(~-| §K=o O X = p=t1 O X
BPUxL O At M (O] DRALTL/S POue o7 MM G Vb, eunl To 4,
(ov %X coumd V. ONLTeIN. OA. . SUMA. S NUMINALL, OLGLVY '()’94/\/0/8(91 X)
AUNTI N M 4 @ , > /N8B /2 \‘AA 7 A £ 0
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5. Let R be a commutative integral domain and let [ <= R be an ideal.
(a) Show that everyform DeF r)ea 5(@3’
fiIxI—>R

= is zero.

_ (b) Show that if R is a principal ideal domain, then every alternating bilinear
form

i fiIxI—-M

to any R-module M is zero.

_CA.QMMV\O«‘) Yel, B VW=D

<+ = (VR + v
Blu v+ = BuW) + Blw, ) er
BAu, ) = ABluv) N

B/“hAV) < A 5{21 V)

sz,smma\\_cumm;\ VUNLTN.C

B\ = '@LV w)

o) YoeT Lo =0

Jca 0 = J(a*o o) -?Ca+o oD ﬂ[am 0)

- D(amﬂ*.ﬂ({) m+J{m 0) * JM

T+ La 0)
4 -

)
?loeJIsﬁ T&e_;-_ge Dun 0= cdo Pl ) = fla) = O
+ R commn. 0 U
4 (R, I=(0) for som.e ae
T € <+ =Y visek
=P, se) = yAla,se) = vSPla.ad =0
VoY ] v oA~

=0

0) 1 =




1
1. Prove that for any pair of commuting n x n-matrices with complex entries
there exists a common eigenvector.

X A 24 AN\ ’4.‘A'.A ’AA'A. A "‘\"A ’AA/ .'.AA (19 A \AQ.
- ‘ [2
TAX. N ¥ B oM nTY R =R L - N x = BRX

A LA DX 18 oo LU Lol O LAUINIOOANLS VoL TQ
WL YAV Bly. nuads WA Cu 'JA"“ 0.0 AL 'S DA AU D
A eiceein QUL ompwum @ B+BR V
$ o X 0

FREDOU: SuBGWP (OF GRDER ¢ (S 14
SULOW P-SUBERP

2. Prove that there exists no simple group of order 56.

&l =5 = 7x8 = 1«3

Syl =D IR €SG5t =L T, N2l 8 D=L ¥
%—?—ais%té&l&t—ﬂfﬂ#wdz, ny |7 = ae=4ovr 1

mx‘w&e,w t»rwmﬂu/»

- S o . TIO € R< Foes(R)
3. Prove that a ring which contains a principal ideal ring R, and which is con-
tained in the field of frac%pns of R, is a principal ideal ring. QWV‘?J T\/\.&V\o'\ S WW NZOMLS
RcScF Guven o FTD, LWOTY: S o PID

L T ve cun wWacd & § UASTS: prineaom L) -
Toe 0eI. TeF, A0 06F SO o=5 for XyeR. //\&_g\
By o & aun idead, since ueRCS yes, cunal ouy = =Yz xel \8//

SJmu,\Q.nsoLW:)o OR = (V) A Suvme YeR. (WTH' T =M ns)
Raco L xel.\rzwcxek g oUu( L U xe TNR. T x=\<£ fov some keS (sine TNR = (W)

ﬂ‘ﬁ':v‘}r
= a."‘g\”
T G BET 1S &1 duoumn Jr for feF, ev
A I=0D in F. SAJV\\JU.USC'—\' T=() in S, 1o v




- 4. Let A and B be two projection linear maps in a vector space over a field
K. Prove that if A+ B is a projection linear map and charK # 2 then °

AB=BA=0. —_—

ps = A=A B =8
Q+err.04 = @+B= (A+B) = 0* + AB+ By * B>
A+ B+ RAL R
B g+ BB+ B
O=WvB+rBp

= pB=BP

|4 ¥ =BA OND BB=-BR D BBE=BR =D /

5. Prove that in the group Q/Z for any natural number n there exists exactly
one subgroup of order n.

@Il =3P | p.ge zZ, 1q14(pl§
[ ' 0 0
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¥ Plg el w) \"I—nsvx =2€7
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- 1. The following are four classes of commutative rings, in alphabetical
B order r /
_ o fields; P’aa 2a2 tn DYF

o integral domains (IDs);

—

e principal ideals domains (PIDs);

e unique factorization domains (UFDs).

These are contained in one-another, in some order, so that

- AlgAz_C_AggA,l.

(a) Determine the order;

- (b) Give an example in each class to show that the inclusions
are proper.

o) Fidds € PTDs <« uFDs € IDs

) Feld : R
PO 2 wo inunlt lVlAI‘U/S‘&cS
s : 3 2,%) L
IDs : 2(31 (2-¥-8 )(2+J-5)=4-(-8) =9

Pur 3x3=%, a0 9 el 2 Leosrizalions NGO non WS
vrone 2081 wet o uFD

) 2. (a) If R is a commutative ring, define what it means for R to be
) Noetherian and state Hilbert’s basis theorem.

(b) Give an example of a non-Noetherian commutative ring,

— Hillaw's Basis Tum: M) R is Nowhevicun, S8 (s RIX]

1) $xoun@le: RIX X, ..
—_
_ Cowameren: RIx) € RIX,X71 € RIXX0,%81 € . ..

AJMJMLLM&MAJAAMM_&()_MLSMD_&M\ el 4 WUNT

3. Let G be a group of order 105 and let Py, Ps, and P; be Sylow 3, 5, _ _
- and 7 subgroups, respectively. Assuming the Sylow theorems, prove l&l = |06 - 3 x 5 x 7

_ the following Py Syl Tums: 3 Fs € Syl 3 (&)
(a) At least one of P5 or P is normal in G; a ?‘,’ € S‘/tzﬁ [C’D
(b) G has a cyclic subgroup of order 35;
(

¢) Both P5 e;nd Py are normal in G. a :?—' € S‘/az'-! (.(Z)

o) For P, 4G, vuedl v, =4

Net, VL =4 e L« v, LM
S g =4vod S, nglzx1l = ng =4, .21

o =4 meal 7, nql335 = n,y=4,15
M&M@MM’[S‘
_Mess e 5 (5-D)x20 <84 ) eu+%:104 >108




J@L%\a_ym.act_ﬂml._mg_&bis wr P 4 6. B~ cune SUIO0y P8

WO #4,T¢6 = (wT FwioOyp &> HI = IR
(KT = 8LITL/ 180TY

C) WLOG , Sy P5 4 1. D qUISTLENT Gf Ps &69TS, cunel. mJoet |O/Ps) = &l 1r) =1°%/5 = 21
Wt G' = GPs. D &'l =217 Bx7, 46 10w Sylowd 3 @768\4&74&')
1wus-e(’1 nlad = ng =4
SD’Q7~

M%"vaa%’\w%\o&&M oxker 5x7 =35
\w-?aw AN P54 G g Q212G P | PexQq 26
Bvy POt (0), N= B xQn is wpclic

T PAANAG = P,4G4 |/

L{i Find all similarity classes of 2 x 2 matrices A with entries in @ satisfying
- A% = [. What are the corresponding rational canonical forms?

=4 = x4-1=0 coun howre. @uly eadvies in @

&xZ- DH(x*+) 20

(.x H\(,X-- DHx*+D =0
wTuUs o{»ww 2
7 &d-i cﬁ% Ebdebw‘" =<0
%@%_4—01&% RCA

x-1 [11

x+1 x4 (-1
x*41 X% 4 ° ) X2 x
(x-1)(x+4) =X*- 4 (x-4), (x+1) e 'y

- 9 (a) Find the possible Jordan Canonical Forms of any matrix such that
A* =1 over F = Fs.

(b) Give an example of a matrix B over F = Fj satisfying B* = I,
such that B is not diagonalizable.

o)x4=4 =5 x4-4-=0
(x2- D (X2« <0

—_——
(e D=2 1920 B xP+1 = x3-4
Yt L= 2 g

B)ln Ry ixi=1 = x4-4-=

P-D(x2+) = 0 CAMADCUNL QUA




a.)
- 1. Let G be a group and Z(G).the center of G. Show that the group G/Z(G)
. does not have prime order ¥Fhd a group G such that G/Z(G) has 4 elements 'l

) WTS: | &/zi@)) # P

PESOC |6 2(60) P Recad L i (Hl=p, ++ & Tp, g0t 1s cyeic

MMM%&&MW A\ UG  k tivas PSP
K 0 ~— — { CoOSLh

eGI &) %C&s @ s . - k

t

aﬂjﬂl S ploH =H

R e. ) : (X< Vel
BB ) Madao = By 2,0y
Jna-%_q,qu'
G =4 DY )
Du <V'.J?l\r“ 4’2-1 V‘J J’r">
2 ,z
Iv, r3% in{’).r".,‘g? e 2= 4 &

2. Show that every prime ideal P in Z[z] which is not principal contains a prime
— number




3. Show thatfevery finite noncyclic group is a finite union of proper subgroups.)
= and that(if a group maps surjectively to a finite noncyclic group then it is a
finite union of proper subgToup%gnd use this to determineé)r which positive
integers the product of n copies of the integers is a finite union of proper
subgroups. ) C

0 (a): § et (WTR: € (<92 < &' )

iG(%% me dﬁ{imi!:i&a SG& g"(<%>) ngl lﬂ::f deE 9‘ o ?
e <O m

= k= e m
Twur J* = g™ W =4, Since a"'m(:(%). Il 4%7

22 i AL QUL wevE ol 4 el .
DAL OUMAN n "w Nz 2 WA P: 2" > G O LInafRIDY V& D
a.l 2% =<(0,0> x <(1,0) > > nwencycade Finite.
RO ENY A Tin oreannol s 29:5010,...,002x<(0,),...,00> x...x< (0.0, . .., 1D
o, (1,0) +> gy, (L0,...,0), ..., (0,...,0,1) +> o
(0.N), (MDY —> Oy (N0 -,0), ., (Oro. ,ON) =2 O

Maun C(N+1,0)) = CUN,0Y) +((1,0)) /%
ext. g

4. Let A and B be two square matrices over a field F'. Suppose diag(A, A) and
n diag(B, B) are similar. Show that A and B are similar.

caaumme [P O\ o, [B O
Lo v | Lo B

MMM&MWMM L Scuae ICE, S
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", 74 2

ta 2 (o 1y 0 Log L |« . . |G
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Coun Conn e AL 040 .| Al Bun(x)
T e o 5 11001 12, G . .. ] o) Loy ()
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. (A) Suppose that p and g are distinct primes and a group G is generated
by elements of order p and also by elements of order g. Show that any

homomorphism of G to an abelian group is trivial. > LMNM T @,6 W

(B) Show that for n > 5 the alternating group A, of @verpermutations of
n obhjects is generated by elements of order 2, and also by elements of
order 3, so that for such n the only homomorphisms to abelian groups
are trivial.

Q) C7’=<a,, ..)BMA |b?"",m[ Ot.ép= bj?’ = 1 Uierhm].défhwn>

?

(= U x5 Lo bl a®=p5S=1>

4
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JU{JJE ANl A9 L L YO AL 1 oL

= U Fhn N . 2l W YU TERA 0. N 1.4'A 00V VN 04 @ X 44 o‘g‘ S 2U A Y
V.. ACNUN O 72| VYoo e @, —tihhoane OOaluns
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1. Prove that the rings Q[z]/{(z? — 1) and Q & Q are isomorphic. [ m
i p L Q1= QS0
. £x2-4% =Ko G L))

-0
X > -1 So QII/x1> 20O Q o pesaread
an X322 0 o deaivest

OLE: T:lxel), T=(x-4) =2 INT= (x2-1)

"By Chnisneee Remum: P8 za7 2 Old/z @ OG5 «  ©'@
«)m!mm Q[x7f (x-1)

L x+{B0 D xe>-1 Gx-14t20 Dxe=>4

o Ok /ex+1) 20 e ng”("'i) 20

2. Let p be a prime. Show that any element of order p in GLy(Z/pZ) can

11
. be conjugated to the matrix (U 1). Hint: You may consider the p-Sylow

- subgroups of GLy(Z/pZ).

lal, (Zp)] = 222 (Nuz(.otuowovom&%[wj\
= = 1
Fov L5

[b] M:LP)(P) cnsics, Wt counx ot (0), Sio (D)(0) -4 = p2- 1 chapices
- [5] bou (P)(p) MA@M&JMWMM&] for nelo, p-11
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L (2e) € )
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UL Sulw p—S Ut ¥y oA C,tOAA}llAQO(f-Q
soun  e4L 4 (LA p- V=2%q

) L€ Gy >- o Sylew p- suwbop ¥ <K 18 Lo, TO cuny
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(6)"=L6™) —%( Dl ‘U> =065
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s K ung o (57 for some n
wid: €~ (o4 .
s ~(67) ~lb 1 (o) ™ (b
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3. Let a and b be elements of a field of order 2" where n is odd. Prove that if
- @’ +ab+b>=0thena="b=0.

WS o2+ =0 , BESOC w$0.

Than we UL «~ T !
’%:?" &-+4-=0
Wo B:C, Daaun 2+C+1=0 2 o2+odo+W* =0
= C,'Ls VOO @y x24x+4 [ o* *+o* +02 =0
D0 is poveer & (Paxrl)(x-D= xE4 | 2> =0 N NQT VLA Seunly
== ($=4 Y ) ot =0 ” e in freld

=D o2<\p? = 0=

OL.QE' cas (L’M CGF ~
J;A_CA.%_\.%AM ¥, F\?D’( 8 o o«m;muwnuz«lr
_Fx
W F, 22(x)= 0 'me mT"" xT-4 =4
La‘Fx y ) -
c?= = n- : uc"ﬁi*ﬁgm
3l 20-4 = a2n=1 5 Tad ‘ i ) 9
n odd = n=2¢
QN =2 2 2™ 2 = 2R =4k =o1 =o i B
\\. i =-1wed 3 OUV\M Powrers O *
> AN QM OUA TUS hois 4 k2 1 mokS3
v
4. Let A, B be linear operators on a nonzero finite-dimensional vector space V' Invorscuars : Bwe W
over C such that A? = B? = Id. Prove that there exists a nonzero subspace ywel Bwe

W of V which is invariant under A and B and dim W < 2.

L e : : n% = 2 -
. B € WP <1

A-we W BlLw) ewf =
= e ”
/7 sure vuo»vmj_/l) WMW

V7, wmummcmwm—fgw

olm W ¢ 2 Imnd CONSTVYULT I
Wwis: lowoan umeduw B
D WS oun st Vecaw O BR
BAW = AW BlAw € W
Rumguins o Shew BweW
2BRAwW=Bw

Nw =ABw = Aw =2 DW
= Tw - APVBW AANCL mew,3uew/
= PABRW (%)

= ARPW = QW=-t49BwW




— 5. Let A be a complex n x n matrix. Let a; denote the dimension of the null

space of AF (in particular, ap = 0). Prove that ap + agy2 < 2a51, for all

k>0

@EANAA _Clo =0,

oo (1B EY)

i, (B = oo (B + il (8D

L AdRd— g v

WACAPL CLAA v/\va;0
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1. Let G be a finite simple group. Prove that G x G has exactly 4 normal
- subgroups (including G % G) if and only if G is non-abelian.

__ G fvute  Anagale. (Qulay nonand Al oL :L-u,wuu)

QAA\MML@(LSM@M,&M M oAn,JAM 'dqﬂmeca [ aAuA'"JA \§Y.r3 onﬁi
T (.aOD is oL (A 3¢1x1 ,Gax 1, ix& on Gx(n.

MM&M@%DS c94 &Gx G

@xvuu/y q\/ua&m/séh CmXC::
nJF%OC 5|(\|“Gm&: Q.t. I\J#i T,\/W\?(ouw)é!\lsv ou:btachovu.(m o 1. Caauma

Similowlty  if letd D dxG £ N. I IludeN 85 0F1 Daen CixleN
( € % x <
i b4 Y b)EN, bun N=Gx1 Q@— ((-,.xi\x(:lx(‘,.) Gx Gy N = NSz elxcn

2. Let R be a principal ideal domain and I and J be ideals of R. Show that
) InJ=1Jholdsifandonlyif / =0or J=0o0r I+ .J=R.

INT =%alaeT. aeTf Nege: T3 =« TOAY 0eT, rel = vaeL Daun Ok €L YiieT
I3 - ?Z."oungi | a;e:\:,mc—]‘? aLwenA N~y T oA unsler (4) A0 3 050 €T (S0 flor T

Houace TTEITNT
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Te(a) + T=() (PID) “RoKITs woas! @ I+T SR (ideadd
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i w . —
K U la ) ~

o are ucu'mimx_ /
= > = )=4, a5 T+T (1)
D YveR, vlzveIT+TV T\ GC.ED.
N—

(S TIT=0ox T=0 gv IT+T=R
* IT=D = TNT =0
NeGy TIEINT , ¢ IT=D
o INT=I7J. Souwut-l T'O
4TI =R D v atl SeF wer
T Lol L0 xeT , vell = xreX
X = (@) = Xo+xh
Recst . ITSINT, ,w—_‘,wm INT=TT
XeINT = X6I , x6T', X6R A9 Xl by
Do ey XETNT B 0 Lin comued H €T, e T
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3. Let A € M,(R) be a symmetric matrix with real coefficients. Show that all
— eigenvalues of A are non-negative if and only if A = PTP for some matrix

_ Pe M,(R).

(=) cs e 00e 220 for SYMILYLC Q.

- « J -
A _LAA_ A9 g Onee, W=0QD Fov D g icsomaul uM A ADUMA. A4 Q-

A A AAVUNL TN A 24 A \ &, = §
T P=PTP LT A X e cua LAYV OUNL | LACLANN LLIO JOULY for . Thaun:
Bx = Ax SPx =xXTAx = Axtx = ) [Ix|l?

= P Pe= Ax KTPHPx = (P Px = |IPxI* o ~—" 20 Gy ALy O mowrdy

LRY = XTPTPX =5 AlxU® = 11Px 2
z0 =20

4. Let R be an integral domain and R[z,y, z] the polynomial ring in three
variables over R. Show that [ = (2% —y? y*—2%) < R[x,y, 2] is a prime ideal.
Hint: Show that I is the kernel of a ring homomorphism R[z, y, 2] — R[t].

Q: Rix.y 21 — RIt]
T4 x3-y* y3-2*7 t- :
X2-y2+50 D~ dafine:  P=t> 3% - 420 =0 Z-2U0 =0

==
Yy-22 0 elyp=+* 1% -4*¢ =0 3b-2c= = 'Zf_,_\(f
Yy=t©
Tiaun 0: Rxy, 21 =2 R[t]
e v IN[(Ze' R (‘lpagn.QA{’ LYWkl ainc x’b—lj"‘cﬁ3—32 =0
4,4 c ance R
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- A has dimension at least two.

5. Let A and B be commuting complex matrices. Assume that B ¢ C[A], that :
is, B cannot be written as a polynomial in A. Show that some f J&b—q%&mw—l&‘—

ZPV\W UL X, A Vg mmu/\m»ﬁ,%mn T, Px= Ax.
1} Bc,owmmm,_ Ap WB=8A. D’ pBx = Bhx S BX = Ax
T BAX B(BX)= A(BxX)

= ABx tron(e Br 8 ol mg;ﬁwm
Sine.Bé CIA ], st Wowe B#Cn A+...+CR4Cs O, P For 2igpenncline

\.9 '66@[@]'0/\1/\/\.
"B 4 L s QA+ (o
Bx =CnA"x+ ..+ AXx+Cox
=CnBVAX*. .+ CAX* (oYX

4
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1. Classify all groups of order 309, up to isomorphism. o ~
309 =3-103

oy Syloto 4, APeSyls(G) + I D€ Sylos (&) {
W =1 ysd p oud Ny lre

= g = :'{
1D o =une =4
' vy w P+ (D o AN G ANL AL @A -SUuN2Ty) AD |00 ONe U Lin 6
IM\ PLIQ = @R\ U 4 B < & LV Q Ve fn. VUMMNUKL
2 10% = 309 -~ PxQ 2P0 . ol (Pl=3 = PE7,
v LR =10% = =7, /102,
Z PoS e i (

\..Q,vxg'-‘loz. Wiz =l ,Dun G2 ?ma.x?a. = 3 hwenwus P Pz = A (Poz)
ra'

P
" ® buviold UL Ol coe Cuge: (2 Bpz X Pa 2 Foz X Pa L Doz xBa 2 e
) ANV 11 AN VN 7 & X 5-4=y'0% (=y™ fo > = | ywea 103

— 2. Let A be the(abeligd group with generators x, y, z and the relations

dr+3y+2z=0,

e +2y+32=0, 3z+2y+5z2=0 A CAAAN

i Show that A is a cgcgc abeli

1 group, and determine its order.
—_—

0% T UINAL.

MJ—WQ > ' hne
P}X*%/]*%=D Yy o
x+?,|,1+77%=0 | ) \‘
Ox* 2+ 522 D o) |
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Pk
G\ [\ —

. 3. Let A be a complex n x n matrix. Prove that there is an invertible g A d OUNN— ;&g 0( AL

complex n x n matrix B such that AB = BA’. (A" is the transpose of A.) ANt

n‘B %PT = AT=% 0B (w\uww W*HTMVVU/[M)

nautix Leats  (faounn Xoun\4L)

TN iy ol 0 T
‘£"~/ o .! \ B 01 0\ Bn'Hv; ='H'!". En
Lo °/5 "o/ SOy = B Ha P
Jowloun Lok & $ige N fur A It Tn(A) = 3,(0) «AT
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'Pam feus #2, wite Hn =Bn £uT Bn

M- EB"HTEB. 1
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4. Prove that the subring Z[3i] of C is not a Principal Ideal Domain
(PID).

NQT oo PO =% Z o icead wnid s ngc ,@',m;ﬂgg
kL. VWOT oem NOTeA Im) ol LLyunit p—
oo |

COMM AT : (ZZ') xD= :\’lD/le»c)*"tvdlA 86 (OUTUAUCT OALS

CUX: WFDs 2 PiDs 0= 2x5 < (1-3.)L(+5i)
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o
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5. /AT R = Z[x], phow that the sequence

rR-Lp g

is exact, where f(a) = (az, —2a) and g(c,d) = 2¢ + dx.
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1. Classify the groups of order 2023 = 7 x 17% up to isomorphism. (You may

— use without proof the well-known result that if p is a prime, then every group '
of order p? is abelian.) ,
. [ {

321‘5 ;;&dlﬂd) lk]ﬂl{]é’ SAZIQ, l I = 7)‘ lz ' i! ; éldlq aAAd O GSMJH

o.x% L P[=7 l»l{Z)l -17"
= oK, =41 Vi | m
Mua W =4 med 1 ound ng | 17* =2 ny=41
Wi =4 med 17 ocund VU’II 1 = g =4
Tuwn_sinee a1 =121 10), we hawe tnac GEPxD.
 Sinte \PI1=1 (pvime), P22,
_SAAGLL_IQI;IJ_L(MIM 2) , QL2 o P XBo
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2. Let R[x, y| be the polynomial ring over R in the variables z, y and let I be
the principal ideal generated by f(z,y) = 2® + y*> + 1. Prove that the ring
R = R[z,y]/I has infinitely many maximal ideals.
- 2 . N . .
R=RUxiYl [(x*+y>+1) o> x2ey>+{ s i ‘ D
Lo x*HyF (=0 = x*=-(14y?)
M [
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3. Let A = Z@®Z be the free<alelian group of rank 2. Compute the number of
subgroups B < A o ‘@ 2

Fer = 06 N UL (tVUl}MHA/K WO VLN ONL)

MMWMALJAM Azt L
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o+rrd , 30 =2 Mc-flag,w_)l.lg.eff =B,  RLTN=° °

o+ 20 =2 Jews ezl =B
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+r = = =-b 133733

arx2, s 4 = four=5lald o= b mgd BS =By
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= = - 3 \ /

m = - med 3
(N, o) = (DM (2) = 1+ Zina
= 0 vgd 3 whan wL = i, med 3
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- For the following questions, recall that an element r of a ring R is said to be

nilpotent if there exists a positive integer k such that r* = 0.

(i) [7 pts] Prove that if N is a nilpotent n x n matrix over C and I is the

n x n identity matrix, then there exists an n x n matrix A over C such
- that A> =1 + N.

o (i) [3 pts] Prove that there does not exist a 2 x 2 matrix B over the field
[Fy with 2 elements such that

_ Li=g0,13 (1)

01

JJ]_N_tAJLfOCJ/\Af = N¥:=0
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Y (A% TYEANF

(A%-TH¥ =0
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5. Let R be an associative commutative ring with identity 1. Prove that an

- element f(z) = a + bz of the polynomial ring R[z] is a unit if and only if a
is a unit in R and b is nilpotent in R.

) R
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1. Let G be a finite group and let p be the smallest prime divisor of |G|.
Show that any subgroup H of GG of index p is normal in G.

Hint: Consider maps G — Sj,. 7
Tyl P =) At are ) L0 LS 9444.:/167
14 = o.AH, Got, ...oa.ch m?smm‘—kz?
%H =QIF‘H £ Lt
- ) IS
¢: &—>Sp Aol H 3G iyl
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Comiow @i @ 2 Tm® . Glknd £ G, so | ® kgl | Gl
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WMAZ let P SinG P S DL SMadlest phnac oquLAWL lGl.

Twun: p = |6 @\ =[G K] = f(n HIlH Kol = He=lCr | s0 B 46 sine it is Ba Kl

= p O & pvup oS
olatLifiAa
2. Let R be a principal ideal domain, and F a free R-module of
rank. Show that any surjective R-module homomorphism f : F' — F is an
isomorphism. \
s . o vieR
1 = get L WNTTUA. S =Y,y +... * Galunl~ e F
L qon s

Tv\uA—S—LsB Frep) - .. +—F(n\0u/0 ainu. £ oms
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m(.n fteF | £)=0F
, 0= =50t = Hran«» R TAON TR
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3. Let R be a noetherian domain with the property that if I and J are
principal ideals in R, then I + J is also a principal ideal. Prove that R is a
principal ideal domain.

NowINLMIA. = “wWeny iolead fn gen.
WO I et ead & \% Wwrs: «smmc,f,ml (v-e. 30 8. T= (aﬂ
Fin gen =~ T:RA= v, +. .. +an | neR, o enf
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4. Let X, Y be nonzero 3 x 3 matrices over the real numbers R satisfying

X3+ X=0.

a) Show that X and ¥ need not be similar over the complex numbers C.
- b) Show that X and Y must be similar over R.

p®+p =D * K o ACUN. MLDCNKS Yov 9oudn. e L ITuny CULVISON , (-L.tnt Linsan
(AZ+1)=0 LOWE (Ma) 2L U9 PRULKS) 84 LA/ WACUNCUAT LT
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5. a) Show that every finite subgroup of C* is cyclic.
b) Suppose that A is a finite abelian group, and f : A — C* is a homomor-
phism with f(A) # {1}. Show that > _, f(a) = 0in C.
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